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Semibatch drying processes include a period of feeding wet particles during drying. This results in different residence times
of particles in the dryer and thus generation of a moisture content distribution. Describing these processes in a model that
takes this moisture content distribution into account can be complicated. Knowledge of minimum or maximum values of the
moisture content distribution is often desired for subsequent process steps or end product quality. This article presents a
model that not only describes the overall average moisture content in time during semibatch drying put also gives the
evolution of the moisture content distribution in time. A novel solution strategy based on the ‘‘method of moments’’ and
‘‘method of characteristics’’ is presented that solves the resulting ordinary differential equations in a piecewise manner.
Simulations for a semibatch fluidized bed drying process give results that are feasible and realistic. VVC 2012 American
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Introduction

Particle-size enlargement is often performed by spraying
binder onto primary particles. In most cases, this binder con-
sists of solvent and optionally a compound that promotes
binding between particles. Excess solvent has to be removed,
as it will cause powder handling problems later in the manu-
facturing process (e.g., powder flow from a hopper). Another
application of a drying operation is removal of abundant sol-
vent from filtered crystals. Different drying techniques are
available for solvent removal. It depends on the particle size
and nature of feed which technique is preferred.1 A fluidized
bed is often used, as it provides high thermal efficiency and
drying intensity because of high heat and mass transfer rates.
Many authors have modeled fluidized bed drying for exam-
ple, Ref. 1–5. Others have restricted their work to heat trans-
fer in gas–solid systems.6–8 It is beyond the scope of this
article to discuss this work. Most important is to recognize
that implementation of population dynamics in the model
improves its accuracy.9 Burgschweiger and Tsotsas2 have
developed a very thorough and extensive model for continu-
ous fluidized bed drying systems by defining a residence
time density distribution for particles in the dryer. This dis-
tribution is coupled to moisture content, mass, and enthalpy
balances. A solution strategy based on the method of charac-
teristics is applied. Unfortunately, all physical process
parameters have to be known to solve the coupled balance
equations. For a continuous process in steady state, the
moisture content distribution resulting from a residence time

distribution is not changing in time, which is probably why
the author only presented average values for moisture
content and temperature in his simulations. Metzger et al.9

concluded that existing drying models still build on average
values for moisture content, and it is desired to find new
modeling approaches to include moisture content distribu-
tions in population balances. Peglow et al.10 have presented
a simple population balance model also on the basis of
residence time distribution. A moisture content distribution
for continuous fluidized bed drying during steady state was
calculated. However, semibatch drying processes are
constantly in a nonsteady state, that is, the moisture content
distribution is constantly changing in time. From an indus-
trial point of view, it is interesting to know how it changes
in time, as measures can be taken to prevent single particles
becoming too wet or too dry.

This article presents a model that describes the evolution
of moisture content distribution in time for semibatch drying
processes. First, definitions for constant and falling drying
rate are given. These drying rates are then coupled to popu-
lation balance equations that can b e solved numerically
using a novel solution strategy. Finally simulations are per-
formed using semibatch fluidized bed drying as an example.
The ultimate goal of applying this model in industrial proc-
esses is faster development of drying processes that are more
efficient in process time as well as energy consumption.

Defining the Drying System

In an arbitrary drying system, two environments can be
distinguished: (1) a microenvironment that describes drying
of a single particle in the system and (2) a macroenviron-
ment that describes drying of all particles in the system. In
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the following subsections, definitions for constant and falling
drying rates are presented for both environments.

Single particle drying rate

In this article, (particle) drying rate is defined as the
reduction of (particle) moisture content per unit of time
( _xðxjtÞð¼ dx=dtÞ in kg solvent kg dry solid�1 s�1). This rate
should be regarded differently from the definition of ‘‘flux’’
where change of exchange surface area is also taken into
account. Three stages can be distinguished (see Figure 1)11:

1. Initial stage: particle surface is covered with liquid of
lower temperature than the equilibrium temperature*. This
stage is often considered to have a negligible effect on the
drying rate.

2. Constant drying rate: the drying rate is independent of
x and constant in time. It is determined by external drying
conditions (Tg, ug, Yg), until the moisture content x has
reached a critical value xcr. This value is the point where the
particle surface is no longer fully covered with liquid to
evaporate.

3. Falling drying rate: when x \ xcr, the drying rate
depends on x and is determined by (internal) parameters that
influence internal diffusion to the particle surface (e.g.,
innerparticle porosity and tortuosity).

For the stages of constant and falling drying rate, the fol-
lowing definitions for dx/dt are applicable:
Constant drying rate

dx=dt ¼ _xðxjtÞ ¼ �kðtÞ (1)

Falling drying rate

dx=dt ¼ _xðxjtÞ ¼ �kðtÞðx � x�Þ=ðx0 � x�Þ (2)

where k(t) is a proportionality constant describing the slope of
the (x, t)-plot. where ‘‘|’’ separates dependent (left) and
independent (right) variables.

Overall drying rate in system

In the previous section, constant and falling drying rates
were defined for single particles. Although these drying rates

indirectly determine the overall drying rate of the system, it
is more convenient to use the mass balance of solvent in the
drying system to define the overall constant and falling drying
rate. Solvent is removed from the system at a net rate of v (in
kg/s). In semibatch and continuous drying systems, solvent
enters the dryer in the form of wet particles at a rate w0x0 (see
Figure 2). The following definitions apply to these systems:
Constant drying rate

v ¼ constant

Falling drying rate

v ¼ cðtÞ �xoverall � x�

x0 � x�

where for falling drying rate,� is a function of the average overall
drying rate �xoverall in the system and �(t), a proportionality
constant describing the dependence of �xoverall as a function of
time. The definition of constant drying rate is valid when

1. All wet particles in the system together release the
same absolute amount of solvent per unit of time (kg/s).

2. Regardless of the state of different particles, the out-
going airstream of the dryer is saturated with solvent vapor
(deep bed drying). In other words, the total amount of sol-
vent extracted from particles present in the dryer is constant
when inlet air conditions, also remain constant.

Similar to single particle drying, overall constant drying rate
is also followed by falling drying rate. This occurs when the av-
erage overall moisture content �xoverall has reached a critical value
�xcr

overall. Continued drying results in a lower overall transportation
rate of solvent from particles to the bulk gas in comparison with
the overall removal rate of solvent (d�xoverall=dt\� v). The out-
going airstream is no longer saturated with solvent vapor.

It is emphasized that although a macrosystem with saturated
outgoing airstream is in a state of constant drying rate (v ¼ con-
stant and �x > �xcr), it is possible for individual particles to have
reached the stage of falling drying rate ( _xðxjtÞ ¼ �kðtÞ
ðx � x�Þ=ðx0 � x�Þ). However, their contribution is not suffi-
cient enough to result in an unsaturated outgoing airstream.

A semibatch drying system

In this article, the following assumptions are made regard-
ing single and overall drying rate

Constant particle drying rate: dx/dt = ẋ(t).
Constant overall solvent removal rate: v ¼ constant.

Figure 1. Characteristic drying curve for a single particle.

Stage 1 represents the initial stage where T\Ts. Constant

rate drying (x � xcr) is stage 2 (dx/dt is independent of x).
Stage 3 (x \ xcr) illustrates falling rate drying (dx/dt is
depending on x).

Figure 2. Schematic overview of an arbitrary drying
system.

The arrows indicate the feed rate w0 of wet particles

with moisture content x0 (left arrow) and net overall sol-

vent removal rate v (right arrow). At a time t, the dryer

contains MT(t) kg particles that consists of m0(t) kg wet

particles and MT*(t) dry particles (masses on basis of

dry solid). MT(0) represents the initial charge.
*Equilibrium temperature or wet bulb temperature is the temperature at which the

heat transmitted to the surface equals the heat required for moisture evaporation.
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These assumptions have been made for the purpose of
obtaining an analytical solution of the population balance
equations. It has to be emphasized that their validity in real
systems can be questioned. As discussed later, it is recom-
mended to investigate this in practice.

Figure 2 shows a schematic overview of a semibatch dry-
ing process. The dryer is fed with wet particles of moisture
content x0 and feed rate w0. An initial charge is added to
obtain a constant v during the entire drying process, that is,
including t ¼ 0. When no initial charge is added, v ¼ 0 at
t ¼ 0 as there is no material to dry. At some point in time,
the dryer contains a mass MT(t) of particles on a dry basis
which must equal the mass charged, at a rate w0, plus the
initial charge MT(0)

MTðtÞ ¼
Z t

0

w0 dt þ MTð0Þ (3)

The Model

For a semibatch drying process, it is trivial to define a
population balance that describes the evolution of moisture
content (distribution) in time. Contrary to a batch process,
residence times of particles in the dryer are different, that is,
they do not contain the same moisture content during the
process. Instead, a distribution of moisture contents is
obtained.

This section presents a population balance model and so-
lution strategy based on the ‘‘method of characteristics’’ and
‘‘method of moments’’ for evolution of the moisture content
distribution in time. In addition to the assumptions for drying
rates, the following assumptions are also made:
• Particles do not aggregate, attrit, or break during the process.
• x* is independent of time.
• Particles are not removed by filters or adhesion to walls.
• The particles are well mixed in the drying system.
• The drying rate of a single particle depends only on the

moisture content of that particle and the local air humidity.
• Feed moisture content x0 and feed rate w0 are constant

during feeding.
• No shrinkage of particles during solvent removal.
For a collection of particles with moisture contents x [

(x0, x*) in the dryer, the following mass density function
with moisture content x as the internal coordinate and bed
length y as external coordinate can be written

ftotðxjy; tÞ ¼ f ðxjy; tÞ þ M�
TðtÞdðx � x�Þ (4)

Equation 4 shows that the total moisture content distribu-
tion ftot(x|y, t) is divided into a wet particle distribution,
f(x|y,t), and a dry particle population of MT*(t) kg of dry
particles with moisture content x*. This distinction is made
as not all particles reach the equilibrium moisture content x*
at the same time contrary to the batch system described
above in which they do. MT*(t) can be calculated from the
mass balance

M�
TðtÞ ¼ MTðtÞ � m0ðtÞ (5)

where m0(t) is the mass of wet particles and will be explained
in more detail later. When particles have reached x*, they join
the dry particle population M�

T(t). All particles with moisture
content x [ x* are part of the wet particle population f(x|y, t).
Ultimately, all particles will join M�

T(t). The mass of particles
with x [ (x, x þ dx) can be obtained by integrating ftot(x|y, t)

over x: dMT ¼ ftot(x|y, t)dx. All masses are expressed on the
basis of dry solid.

In what follows, we:
• show that the population balance is not a function of

bed length y.
• develop equations for the corresponding moments and

subsequently average properties of the system.

Defining a population balance for wet particle
population

For a collection of wet particles in the dryer, f(x|y, t), the
following population balance is defined

@f ðxjy; tÞ
@t

þ @ðf ðxjy; tÞuyÞ
@y

þ @ðf ðxjy; tÞ _xðxjy; tÞÞ
@x

¼ w0dðx � x0Þdðy � y0Þ ð6Þ

Spatial averaging over bed length y is performed as a
well-mixed bed and deep bed drying are assumed. First, the
mass density function of wet particles f(x|y, t) is normalized
over the total bed length ybed.

f ðxjy; tÞ ¼ f ðxjtÞ
ybed

(7)

In this article, constant particle drying rate is assumed,
giving the following expression for _xðy; tÞ11

_xðy; tÞ ¼ k00ðtÞðYw � YgðyÞÞ (8)

When applying the same spatial averaging over bed length
y to Eq. 8, the following expression is obtained

_xðy; tÞ ¼
Z ybed

0

k00ðtÞðYw � YgðyÞÞ
ybed

dy (9)

Deep bed drying is assumed, which means that the out-
going air is always saturated with moisture. This assumption
is only valid when inlet (Yg(0)) and outlet (Yg(ybed)) moisture
content of the air are constant. As a result, _xðy; tÞ is inde-
pendent of the position of particles in the bed, when deep
bed drying is assumed. The latter meaning that

_xðtÞ ¼ k0ðtÞ (10)

Incorporating Eqs. 7 and 8 into Eq. 6 and integrating over
y gives

@f ðxjtÞ
@t

þ f ðxjy; tÞuy

� �ybed

0
þ _xðtÞ @f ðxjtÞ

@x
¼ w0dðx � x0Þ (11)

As there is no flux of particles in the y-direction: uy ¼ 0.
This reduces Eq. 11 to

@f ðxjtÞ
@t

þ _xðtÞ @f ðxjtÞ
@x

¼ w0dðx � x0Þ (12)

where f(0|t) ¼ 0 and f(x|0) ¼ MT(0)d(x � x0).

Calculation of overall average moisture content

Many drying processes are evaluated based on their over-
all average moisture content. This parameter is calculated
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from Eq. 12 using the method of moments. As described in
the previous section, the total mass of wet particles is
obtained from the zeroth moment of f(x|t). The first moment
of f(x|t) gives the total mass of solvent in wet particles as a
function of time

m0ðtÞ ¼
Z x0

x�
f ðxjtÞ dx (13)

m1ðtÞ ¼
Z x0

x�
xf ðxjtÞ dx (14)

The average moisture content of wet particles as a func-
tion of time is calculated with

�xðtÞ ¼ m1ðtÞ
m0ðtÞ

(15)

In practice, it is more useful to know the overall average
moisture content, that is, including dry particles. The fraction
of dry particles is calculated using the fraction of wet par-
ticles (m0(t)/MT(t)). The fraction of dry particles becomes

PdryðtÞ ¼ 1 � m0ðtÞ
MTðtÞ

(16)

The overall average moisture content (�xoverallðtÞ) is obtained
from

�xoverallðtÞ ¼ PdryðtÞ � x� þ ð1 � PdryðtÞÞ � �xðtÞ (17)

Defining a dimensionless population balance equation

The previous section showed that the zeroth and first
moment of f(x|t) are used to calculate the evolution of over-
all average moisture content in time. However, this requires
information about f(x|t), that is, moisture content distribution
within a population of wet particles. In practice, this infor-
mation is not available, as it would require measurement of
the moisture content of each individual particle. In most
cases, the only available data are initial particle moisture
content, x0, final particle moisture content, x*, inlet mass
flow, w0, drying rate, v, total batch size, and initial mass in
dryer, MT(0). Successful solution of the PBE (Eq. 6) with
these input parameters is achieved by finding an expression
that couples them to the PBE. Such an expression is found
by first converting the mass density function, f(x|t), into a
dimensionless density function, g(z|h), where z is the dimen-
sionless dryness defined by

zðxÞ ¼ x � x0

x� � x0
(18)

and h is a dimensionless time or extent of drying defined by

dh ¼ _zðtÞdt ðwith dh=dz ¼ 1Þ (19)

where _zðtÞ is the dimensionless drying rate calculated from the
nondimensionless drying rate ( _xðtÞ) using the chain rule _xðtÞ is
obtained from v and f(x|t)

v ¼ �
Z x0

x�
_xðtÞf ðxjtÞ dx (20a)

_xðtÞ ¼ � v
m0ðtÞ

(20b)

In a semibatch process m0(t) is changing with time. With
v being constant, this also means that _xðtÞ is changing in
time, until all particles are fed to the dryer (see Eq. 20b).
Nevertheless, _xðtÞ is still independent of x.

Eq. 18 gives

dz

dx
¼ 1

x� � x0

_zðtÞ ¼ v
m0ðtÞðx0 � x�Þ (21)

The dimensionless dryness (z) is used to define a new pdf,
g(z|h)

gðzjhÞjdzj ¼ 1

MTð0Þ
f ðxjtÞjdxj (22)

gðzjhÞ ¼ x0 � x�

MTð0Þ
f ðxjtÞ (23)

Substituting Eqs. 19 and 23 into Eq. 6 gives

@gðzjhÞ
@h

þ @gðzjhÞ
@z

¼ aðhÞl0ðhÞdðzÞ (24)

with

a ¼ ðx0 � x�Þw0

v
(25)

and l0(h), which is the dimensionless mass of wet particles in
the dryer

l0ðhÞ ¼
Z 1

0

gðzjhÞdz (26)

¼ m0ðtÞ
MTð0Þ

(27)

Also l1(h) is defined representing the dimensionless mass
of dryness among wet particles

l1ðhÞ ¼
Z 1

0

zgðzjhÞdz (28)

From Eqs. 26 and 28, the overall dimensionless dryness
among wet particles in the dryer can be calculated

�zðhÞ ¼ l1ðhÞ
l0ðhÞ

(29)

The overall dimensionless wetness, 1 � z, can also be
expressed in terms of l0(h) and l1(h)

Z z

0

ð1 � zÞgðzjhÞ dz ¼ l0ðhÞ � l1ðhÞ (30)

The change of dimensionless wetness in h is then calcu-
lated with the following Ordinary differential equation
(ODE) when a is constant during each feeding phase (i.e.,
constant v and constant w0)
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dðl0ðhÞ � l1ðhÞÞ
dh

¼ ðaðhÞ � 1Þl0ðhÞ (31)

Finding expressions for l0(h) and l1(h)

The population balance of g(z|h) (Eq. 24) cannot be solved
without knowing l0(h). Equation 26 shows that g(z|h) as a
function of z is required to find l0(h). A solution has to be
found that gives an expression for l0(h) independent of
g(z|h). The method of characteristics provides an excellent
way to find such an expression. A collection of wet particles
start a characteristic at z ¼ 0 and dimensionless time h.
They leave the wet particle population at z ¼ 1. For z [ 0,
the following condition applies for Eq. 24: Dg/Dh ¼ 0. This
means that along a characteristic g(z|h) does not change.
Figure 3 shows that, with dz/dh ¼ 1, the following condition
applies for any point (h, z) on a characteristic

gðzjhÞ ¼ gð0jðh� zÞÞ (32)

Substituting Eq. 32 into the population balance (Eq. 24)
gives

gð0jðh� zÞÞ ¼ aðh� zÞl0ðh� zÞ (33)

This powerful insight is used to obtain expressions for
l0(h) and l1(h) without knowledge of g(z|h). The start of ev-
ery characteristic is defined m and is equal to h – z. This def-
inition is incorporated into Eq. 33. When a collection of wet
particles enter the dryer and start a characteristic at m ¼h �
1, these particles will be fully dry at h, that is, when z ¼ 1.
The boundary conditions in Eqs. 26 and 28 of z ¼ 0 and z
¼ 1 are, respectively, m ¼ h � 1 and m ¼ h. However, it is
important to recognize that there is a discontinuity at h ¼ 1.
Here, the initial charge, MT(0), leaves the wet particle popu-
lation to join the dry particle population, MT�(t). In other
words, up to h ¼ 1 the initial charge has to be included in
expressions for l0(h) and l1(h) while from h ¼ 1 onward,
the wet particle population only consists of particles that
have been fed to the dryer.

The initial conditions are found by converting the initial
condition of Eq. 12, f(x|0) ¼ MT(0)d(x � x0) to

gðzj0Þ ¼ dðzÞ

l0ð0Þ ¼ 1

l1ð0Þ ¼ 0

Now equations can be defined for l0(h) and l1(h) that do
not require g(z|h):
Initial interval (0 �h\ 1)

l0ðhÞ ¼ 1 þ
Z h

0

aðmÞl0ðmÞ dm (34a)

dl0ðhÞ
dh

¼ aðhÞl0ðhÞ (34b)

l1ðhÞ ¼ hþ
Z h

0

ðh� mÞaðmÞl0ðmÞ dm (35a)

dl1ðhÞ
dh

¼ l0ðhÞ (35b)

General case (h � 1)

l0ðhÞ ¼
Z h

h�1

aðmÞl0ðmÞdm (36a)

dl0ðhÞ
dh

¼ aðhÞl0ðhÞ � aðh� 1Þl0ðh� 1Þ (36b)

l1ðhÞ ¼
Z h

h�1

ðh� mÞaðmÞl0ðmÞdm (37a)

dl1ðhÞ
dh

¼ l0ðhÞ � aðh� 1Þl0ðh� 1Þ (37b)

Obtaining expressions for time, t, and total amount of
solid in dryer, MT, as a function of h

Expressing l0 and l1 as a function of h is very useful
when solving the corresponding equations numerically in the
next section. However, dimensionless time h is not a practical
variable when operating dryers and interpreting results. There-
fore, it is converted to actual time t by rewriting Eq. 19

dt

dh
¼ að0Þl0ðhÞs0 (38)

where s0 ¼ MT(0)/w0(0).
The end of process time, tend, is calculated using the mass

balance (see Appendix). The total amount of solid in the
dryer is calculated using Eq. 3 (with constant v)

dMTðhÞ
dh

¼ aðhÞl0ðhÞMTð0Þ (39)

This section and the previous section have shown that
g(z|h), l0(h), l1(h), t(h), and MT(t) can all be written in
terms of l0(h) and a. Solving the ODE of l0(h) enables
solution of all presented ODEs. This is performed using a
numerical solution strategy presented in the next section.

Numerical Solution of l0(h) and l1(h)

The ODEs derived in the previous section can be solved by
dividing h into nh segments of length 1 and introducing a
local version of h for each segment, h0. In each ith segment
functions based on this local drying extent can be defined. In

Figure 3. Method of characteristics for g(z|h) (dz/dh 5
1). g(z|h) does not change along a character-
istic, that is, g(z|h) 5 g(0|h 2 z).

This insight is exploited to find expressions for l0(h) and
l1(h) that are used to find g(z|h) and f(x|t).
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the annotations, the square brackets represent the segment
number, and the parentheses give the value of the variable h0.

l0½i�ðh0Þ ¼ l0ðhÞ (40)

l1½i�ðh0Þ ¼ l1ðhÞ (41)

a½i�ðh0Þ ¼ aðt½i�ðh0ÞÞ (42)

t½i�ðh0Þ ¼ tðhÞ (43)

where h0 ¼h � i. The length of a segment i is 1, which implies
that the values of h0 are between 0 and 1 (0 being the initial value
and 1 the end value within a segment). The solution strategy to
find l0(h) and l1(h) is based on an evolutionary progression of
local solutions where the output of one segment (i.e., h0[i� 1]¼
1) is the input of the subsequent segment (i.e., h0[i]¼ 0). Figure 4
presents a schematic presentation of this segmentation techni-
que for l0(h). Equations 34b, 35b, 36b, 37b, and 38 can now be
solved numerically for each segment (i.e., i ¼ 0…nh).

i ¼ 0: first interval (0 �h\ 1)

For i ¼ 0, Eqs. 34b and 35b become

dl0½0�ðh0Þ
dh0

¼ a½0�ðh0Þl0½0�ðh0Þ ð0 � h\1Þ (44a)

dl1½0�ðh0Þ
dh0

¼ l0½0�ðh0Þ ð0 � h\1Þ (44b)

with initial conditions l0[0](0) ¼ 1 and l1[0](0) ¼ 0.
i ¼ 1: second interval (1 � h\ 2)
From Eqs. 36b and 37b, it would be expected that for h �

1 a general set of equations could be defined. However, it
has to be taken into account that at h ¼ 1 there is a disconti-
nuity in the dimensionless mass of wet particles l0(h). At
this point, z ¼ 1 for the initial charge of wet particles, which
means that they leave the wet particles population and join
the dry population M�

T(t). This implies that the initial condi-
tion at i ¼ 1 for l0(h) and l1(h) becomes

l0 1½ � 0ð Þ ¼ l0 0½ � 1ð Þ � 1

l1 1½ � 0ð Þ ¼ l1 0½ � 1ð Þ � 1

where 1 represents the normalized initial charge of wet
particles. Equations 36b and 37b are solved numerically using
these initial conditions and the following equations

dl0½1�ðh0Þ
dh0

¼ a½1�ðh0Þl0½1�ðh0Þ � a½0�ðh0Þl0½0�ðh0Þ ð1 � h\2Þ

(45a)

dl1½1�ðh0Þ
dh0

¼ l0½1�ðh0Þ � a½0�ðh0Þl0½0�ðh0Þ ð1 � h\2Þ

(45b)

i [ 2: general case for subsequent intervals (h � 2)
For the general case, the initial condition l0[i](0) is

obtained from the final condition l0[i � 1](1) without the
requirement to correct for the initial charge, that is, l0[i](0)
¼ l0[i � 1](1). This means that the following set of equa-
tions is applicable for these intervals

dl0½i�ðh0Þ
dh0

¼ a½i�ðh0Þl0½i�ðh0Þ � a½i � 1�ðh0Þl0½i � 1�ðh0Þ ðh � 2Þ

(46a)

dl1½i�ðh0Þ
dh0

¼ l0½i�ðh0Þ � a½i � 1�ðh0Þl0½i � 1�ðh0Þ ðh � 2Þ

(46b)

General solution for time t and total amount
of solid MT(t)

Equations 38 and 39, describing, respectively, time and
total amount of solid in the dryer as a function of h0, can
also be solved using this numerical approach. However, no
distinction between different intervals is required for these
variables, as they are not related to moisture content x and,

Figure 4. Piecewise solution of l0(h) by dividing h into
nh segments. ODEs for l0, l1, and t are
solved for h0 in each ith segment and com-
bined to obtain the solution over h.

The stepsize of each segment is 1. Solution is obtained

by differentiating within each segment from h0 ¼ 0 to

h0 ¼ 1. It is emphasized that l0[0](1) ¼l 0[1](0).

Figure 5. Schematic overview of a semibatch fluidized
bed drying process.

Wet granules are pneumatically fed from the high-shear

granulator, optionally via a high-speed sieve, to the fluid-

ized bed. The large gray arrows mark the direction of

the airflow inside the fluidized bed.

Table 1. Calculated a Values for Different Operating
Settings of Drying Rate (v) and Feed Rate (w0)

v (kg/s) 0.0025 0.00375 0.005

w0 ¼ 0.067 kg/s 2.667 1.778 1.333
w0 ¼ 0.100 kg/s 4.000 2.667 2.000
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therefore, do not have to be divided into wet and dry popula-
tions. Equations 38 and 39 are rewritten numerically as

dt½i�ðh0Þ
dh0

¼ a½0�ð0Þl0½i�ðh0Þs0 (47)

dMT½i�ðh0Þ
dh0

¼ a½i�ðh0Þl0½i�ðh0Þ (48)

with initial conditions t[0](0) ¼ 0 and MT[0](0) ¼ 1.

Finding g(z|h), f(x|t) and the overall average
moisture content �xoverallðtÞ

The dimensionless moisture content distribution, g(z|h), is
calculated using Eqs. 32 and 33:

gðzjhÞ ¼ aðh� zÞl0ðh� zÞ (49)

g(z|h) is converted to the moisture content distribution of wet
particles in the dryer f(x|t) using Eq. 23. m0(t) is obtained from
l0(h) by multiplying the latter with MT(0) (see Eq. 26). m1(t) is
obtained from l1(h) using Eqs. 18, 22, and 28

m1ðtÞ ¼ l1ðhÞ þ
x0

x� � x0
l0ðhÞ

� �
MTð0Þðx� � x0Þ (50)

Equations 15–17 have shown how m0(t) and m1(t) can be
used to obtain the overall moisture content, �xoverallðtÞ and the
fraction of dry particles.

‘‘Mathematica’’ provides a convenient environment to
solve these equations. The appendix contains the Mathema-
tica code fragments to solve the ODEs. The next section
shows how this model can be applied using a semibatch flu-
idized bed drying process as an example.

Simulation Studies

Input values for simulation

In this section, the model and solution strategy presented
in the previous section are applied to a hypothetical semi-
batch fluidized bed drying process (see Figure 5). The fluid-

ized bed is pneumatically fed with agglomerated primary
particles that will be named granules in this section. When
these granules enter the dryer, they contain a moisture con-
tent x0. Other input values for feed rate, w0, total batch load-
ing, Mtotal, and drying rate, v, were derived from practice.
Simulation experiments were performed at two different
feed rates: 0.067 and 0.100 kg/s. At each feed rate, v was
varied at three levels: 0.0025, 0.00375, and 0.005 kg/s.
This results in different values for a (see Table 1). Table 2
shows the parameters that were kept constant throughout all
simulations.

Results and Discussion

Solution of Eqs. 34b and 35b using the strategy presented
in the previous section gives l0 and l1 as a function of h.
Conversion into actual time t using Eq. 38 results in Figure 6.
Figure 6 shows that a higher drying rate v results in a slower
increase of the amount of wet granules represented by l0(t).
This is explained by the definition of l0(t). l0(t) only
includes the dimensionless mass of wet granules, that is no
dry granules are included in these graphs. A higher drying
rate results in a higher amount of granules joining the dry
granule population per unit of time and thus a relatively
smaller amount of wet granules. Therefore, higher drying
rates result in lower values for l0(t).

Figure 6 also shows that an increase of feed rate from
0.067 to 0.100 kg/s using the same drying rate of 0.005 kg/s
gives relatively more wet granules than a drying rate of
0.0025 kg/s. At 0.005 kg/s, the rate of granules joining the
dry population in the dryer is smaller than the rate of wet
granules entering the dryer. At 0.0025 kg/s, the amount of
granules joining the dry granule population is already small.

Table 2. Input Parameters That were Kept Constant During
Simulation Experiments

Parameter Setting

Initial mass of wet granules (MT(0)) 1 kg dry solid
Total batch loading (Mtotal) 100 kg dry solid
Initial moisture content (x0) 0.15 kg H2O/kg dry solid
Final moisture content (x*) 0.05 kg H2O/kg dry solid

Figure 6. Dimensionless mass of wet granules, l0, as a
function of time, t.

Two feed rates are presented: 0.067 kg/s (a) and 0.100 kg/s

(b). In each graph, three drying rates are presented:

0.0025 kg/s (���), 0.00375 kg/s (- - -), and 0.005 kg/s (—).

Figure 7. Dimensionless mass of dryness among wet
granules, l1, as a function of time, t.

Two feed rates are presented: 0.067 kg/s (a) and 0.100

kg/s (b). In each graph, three drying rates are presented:

0.0025 kg/s (���), 0.00375 kg/s (- - -), and 0.005 kg/s (—).

Figure 8. Total dimensionless wetness among wet
granules, (l0 2 l1) as a function of time (in
seconds).

Two feedrates are presented: 0.067 kg/s (a) and 0.100

kg/s (b). In each graph, three drying rates are presented:

0.0025 kg/s (���), 0.00375 kg/s (- - -), and 0.005 kg/s (—).
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Therefore, an increase of feed rate has a less significant
effect.

The difference in end of process time tend is caused by
differences in drying rate. A higher drying rate gives a faster
rate of granules joining the dry granule population and,
therefore, a shorter end of process time. This is also
shown in Eq. 51. The total process times of both feed
rates are similar for every drying rate. This similarity is
caused by the assumption that drying rate, v, and feed rate,
w0, are constant. Both parameters are included in a (see
Eq. 25). The end of process time, defined in the Appendix,
is a function of a and total feeding time (see Eq. A7). For
this drying process (i.e., with one feeding step), Eq. A7 can
be rewritten as

tend ¼ ðx0 � x�ÞðMTð0Þ þ MfeedÞ
v

(51)

where Mfeed ¼ Mtotal � MT(0).
Equation 51 shows that the end of process time is inde-

pendent of w0, which is consistent with the observation in
Figure 6. Figure 6 reveals a linear relationship between l0

and t during feeding. This relationship is not explained here
but will be discussed in more detail in a forthcoming arti-
cle. Figure 7 shows the mass of dryness among wet gran-
ules, l1 as a function of t. Intuitively, it would be
expected that a higher drying rate would result in a higher
value for l1(t). Figure 7a shows that for drying rates
0.00375 and 0.005 kg/s, the increase of l1(t) is similar
and the slowest drying rate, 0.0025 kg/s, the increase of
l1(t) is smaller. However, Figure 7a shows that 0.0025
and 0.00375 kg/s, the increase of l1(t) is similar and the
slowest drying rate, 0.005 kg/s, the increase of l1(t) is
smaller. Here, the same explanation applies as for l0(t).
l1(t) represents the mass of dryness among wet granules.
Thus, dry granules are not included. For the higher drying
rate v ¼ 0.005 kg/s, more granules have already joined
the dry granule population and, therefore, are not included
in l1(t). For l1(t) to be calculated, wet granules have to
be present in the dryer. More wet granules mean more
mass of dryness. Hence, l1(t) is higher for lower drying
rates, especially at higher feed rates.

This is shown even better when plotting the dimensionless
wetness. The dimensionless wetness as a function of t is
obtained using Eq. 38 to convert Eq. 31 to

dðl0ðtÞ � l1ðtÞÞ
dt

¼ aðtÞ � 1

að0Þs0

(52)

Figure 9. Evolution in absolute time t of dimensionless
particle density distribution of g(z|h) as a func-
tion of dimensionless dryness z (a) and mass
density distribution f(x|t) as a function of x (b).

Feed rate, w0, is 0.067 kg/s. Drying rate, v, is 0.00375 kg/s.

Solid line of t ¼ 0 is plotted on the x-axis. The arrows

show the general direction of movement in time t.

Figure 10. Mass density function f(x|t) (kg dry solid2 kg
H2O

21) as a function of x at the end of feeding.

Two feed rates are presented: 0.067 kg/s (a) and 0.100

kg/s (b). In each graph, three drying rates are presented:

0.0025 kg/s (���), 0.00375 kg/s (- - -), and 0.005 kg/s (—).

Figure 11. Mass of wet granules in dryer, m0 (in kg dry solid), as a function of time t.

Two feed rates are presented: 0.067 kg/s (a) and 0.100 kg/s (b). In each graph, three drying rates are presented: 0.0025 kg/s (���),
0.00375 kg/s (- - -), and 0.005 kg/s (—).
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where during feeding: a(t) ¼a (0) and after feeding: a(t) ¼ 0
When plotting (l0 � l1) as a function of time t, a straight

line with slope (a(0) � 1)/a(0) for t � tf and a second
straight line for t [ tf with a slope of �1/(a(0)s0) should be
obtained (see Figure 8). Figure 8 shows that for a feed rate
of 0.100 kg/s during the feeding phase, the total wetness per
unit of time of all drying rates increases compared to a feed
rate of 0.067 kg/s. This increase is more significant for a
higher drying rate than a lower drying rate and can be
explained by the same explanation as for l0(h), namely a
higher amount of granules joining the dry granule population
for higher drying rates (see also Figure 14).

Using l0(h) and a(h), the dimensionless moisture content
distribution, g(z|h), is calculated using Eqs. 32 and 33.
Figure 9a illustrates how g(z|h) as a function of z evolves in
time for feed rate 0.067 kg/s and drying rate 0.005 kg/s.
g(z|h) is easily converted into the moisture content distribu-
tion of wet granules in the fluidized bed dryer, f(x|t), using
Eq. 23. Figure 9b shows f(x|t) as a function of t. The sharp
decrease observed in both figures is caused by discontinua-
tion of the inlet stream, w0, that is, no new wet granules are
fed to the dryer. Figure 10 shows the moisture content distri-
bution of wet granules in the dryer at the end of feeding. A
feed rate of 0.100 kg/s results, especially in the higher
region of x (x [ 0.10), in a higher amount of wet granules
for all drying rates. This means that more solvent has to be
removed in the drying phase compared to a feed rate of
0.067 kg/s.

The area under the curve of f(x|t) is defined as m0(t) (see
Eq. 13), which is the total mass of wet granules in the dryer.
m0(t) is obtained using Eq. 26 and is shown in Figure 11.

Figure 11 is very similar to Figure 6 as MT(0) in Eq. 26 is 1
kg dry solid (see Table 2).

Figure 12 shows m1 as a function of time t. The same pat-
terns can be observed as for m0(t). A higher feed rate results
in a higher total amount of solvent in wet granules. The av-
erage moisture content of wet granules, �xðtÞ, is obtained
from: m1(t)/m0(t) (see Eq. 15. Control of drying processes is
often performed on the basis of average properties. The
overall average moisture content, �xoverallðtÞ, in the fluidized
bed dryer is a parameter that is often used for this purpose
(e.g. using near infrared spectroscopy). Values for �xoverallðtÞ
are calculated using Eq. 17. Figure 13 shows the results of
both feed rates. Comparing Figures 13a, b illustrates the de-
pendence of drying time on drying rate and feed rate. A
higher feed rate results in a longer drying time and a higher
drying rate gives a shorter drying time when using a similar
feed rate. Furthermore, it can be observed that during feed-
ing after a fast decrease of moisture content, the moisture
content reaches a plateau value. This will be explained in
more detail in a forthcoming article.

The model presented in this article also provides addi-
tional parameters for process monitoring and control. An
example is evolution of the fraction of dry granules. Equa-
tion 16 gives the fraction of dry granules in the fluidized bed
dryer. This fraction should be 1 at t ¼ tend, that is, all gran-
ules have a moisture content that corresponds to the equilib-
rium moisture content, x*. Figure 14 shows the results for
different feed rates and drying rates. Feed rate has the most
influence on the highest drying rate (i.e., 0.005 kg/s). After
feeding, a feed rate of 0.067 kg/s gives a fraction of dry
granules of �0.5 for this drying rate, whereas for a feed rate
of 0.100 kg/s this fraction is �0.2. This difference is much
smaller for lower drying rates.

Conclusions

From the simulation results, it is concluded that the model
and solution strategy presented in this article give a feasible
interpretation of a semibatch drying process. Some character-
istic results (plateau-values for �xoverallðtÞ during feeding and
linear relationship of l0 vs. t during feeding) have not been
discussed but will be explained in a forthcoming article.

The model not only gives the evolution of overall mois-
ture content in time, but also shows how the moisture
content distribution changed within a population of wet
particles during feeding and drying. This is a powerful
insight that can be used to design drying processes for
materials with specifications for individual particle

Figure 12. Total mass of moisture in wet granules, m1

(in kg H2O), as a function of time t.

Two feed rates are presented: 0.067 kg/s (a) and 0.100

kg/s (b). In each graph, three drying rates are presented:

0.0025 kg/s (���), 0.00375 kg/s (- - -), and 0.005 kg/s (—).

Figure 13. Overall average moisture content, �xoverall (in
kg H2O/kg dry solid) in the fluidized bed
dryer as a function of time (in seconds).

The fraction of dry granules was calculated from pdry
and �x using Eq. 17. Two feed rates are presented:

0.067 kg/s (a) and 0.100 kg/s (b). In each graph, three

drying rates are presented: 0.0025 kg/s (���), 0.00375 kg/

s (- - -), 0.005 kg/s (—).

Figure 14. The fraction of dry granules in the fluidized
bed dryer as a function of time (in seconds).

The fraction of dry granules is calculated from m0(t)
and MT(t) using Eq. 16. Two feed rates are presented:

0.067 kg/s (a) and 0.100 kg/s (b). In each graph, three

drying rates are presented: 0.0025 kg/s (���), 0.00375 kg/

s (- - -), and 0.005 kg/s (—).
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moisture contents. The model also allows flexibility to use
different key control parameters, for example, number of
feeding phases, drying rate, feed rate, and total batch
loading. Moreover, it is not directly coupled to heat
and mass transfer equations making it flexible to apply in
different environments.

The authors acknowledge that the assumption of constant
particle drying rate is not always valid in real systems.
Therefore, in a forthcoming article, this model will be
extended to falling particle drying rate.12 Once these models
have been validated experimentally, they can be used to
develop industrial drying processes more efficiently (e.g., as
part of the ‘‘Quality by Design’’ approach in pharmaceutical
industry) or extended further to model predictive control of
drying processes.
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Appendix

Obtaining an expression for tend

The feed rate of wet granules, w0, can change with time.
For example, three phases can be distinguished: feeding
phase 1, feeding phase 2, and drying phase. For both feeding
phases, different feed rates apply. This appendix shows how
the end of process time, tend, can be calculated from a
changing a. The assumption is made that a is constant dur-
ing a feeding phase. The following expression applies

Z tend

0

v dt ¼ MTð0Þðx0 � x�Þ þ
Z tend

0

w0ðtÞðx0 � x�Þ dt (A1)

Integrating the LHS

v � tend ¼ MTð0Þðx0 � x�Þ þ
Z tend

0

w0ðtÞðx0 � x�Þ dt (A2)

Dividing by v(t) � tend and substituting Eq. 25:

1 ¼ MTð0Þðx0 � x�Þ
v � tend

þ 1

tend

Z tend

0

aðtÞ dt (A3)

The first part of RHS can be written as

MTð0Þðx0 � x�Þ
v

¼ MTð0Þ
w0ð0Þ �

w0ð0Þðx0 � x�Þ
v

¼ að0Þs0 (A4)

where s0 ¼ MT(0)/w0(0).
Substituting Eq. A4 into Eq. A3 gives

tend

s0

¼ að0Þ þ 1

s0

Z tend

0

aðtÞ dt (A5)

tend ¼ að0Þs0 þ
Z tend

0

aðtÞ dt (A6)

This gives after stepwise integration for tend

tend ¼ að0Þs0 þ aðtf;1Þtf;1 þ aðtf;2Þtf;2 þ aðtdryÞtdry (A7)

¼ að0Þs0 þ aðtf;1Þtf;1 þ aðtf;2Þtf;2 (A8)

where tf,1 is the time of feeding phase 1, tf,2 is the time
of feeding phase 2, and tdry is the drying time after feed-
ing. The total feed time is the sum of tf,1 and tf,2. The
term a(tdry)tdry is zero, as there is no feeding during this
phase (see definition of a, Eq. 25). With this last equa-
tion, the process end time can be calculated and incorpo-
rated into the piecewise solution strategy of l0 and l1.
The total feeding time (tf) is obtained from (Mtotal �
MT(0))/w0.

In this article, the process consists of one feeding step,
that is, the part including tf,2 in Eq. A7 was deleted.
However, for simulations with multiple feeding steps,
Eq. A7 can be easily extended to include different feed
phases.

Mathematica code fragments

In this appendix the Mathematica code fragments for the
piecewise solution of Eqs. 44a–47 are presented. Here,
‘‘totalsolid’’ is the total amount of wet granules fed to the
dryer and ‘‘M0’’ is the initial charge (in kg).

l0 and time t

eq 0½ � ¼ fl0 0½ � h½ � ¼¼ a t½ ½0 h½ �� �l0 0½ � h½ �; l0 0½ � 0½ � ¼¼ 1;

t 0½ � h½ � ¼¼ a 0½ �l0 0½ � h½ �tau0; t 0½ � 0½ � ¼¼ 0g

eq 1½ � ¼ fl0 1½ � h½ � ¼¼ a t½ ½1 h½ �� �l0 1½ � h½ � � a nt½ ½0 h½ �� �nl0 0½ � h½ �;
l0 1½ � 0½ � ¼¼ nl0 0½ � 1½ � � 1;

t 1½ � h½ � ¼¼ a 0½ �l0 1½ � h½ �tau0; t 1½ � 0½ � ¼¼ nt 0½ � 1½ �g
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eq i½ � :¼ fl0 i½ � h½ � ¼¼ a t½ ½i h½ �� �l0 i½ � h½ � � a nt½ ½i � 1 h½ �� �nl0 i � 1½ � h½ �;
l0 i½ � 0½ � ¼¼ nl0 i � 1½ � 1½ �;
t i½ � h½ � ¼¼ a 0½ �l0 i½ � h½ �tau0; t i½ � 0½ � ¼¼ nt i � 1½ � 1½ �g=; i > 1

Do½sol ¼ NDSolve eq½ ½i ; fl0� �i ; t� �i g; h; 0; 1f g� � 1½ �½ �;
nl0 i½ � ¼ l0 i½ �=:sol;

nt i½ � ¼ t i½ �=:sol; i; 0; nhf g�

moment0[h_] :¼ n l 0[IntegerPart[h]][FractionalPart[h]]
time[h_] :¼ nt[IntegerPart[h]][FractionalPart[h]]

l1, total mass of solid (on dry basis) and g(z|h)

eq1 0½ � ¼ fl1 0½ � h½ � ¼¼ nl0 0½ � h½ �; l1 0½ � 0½ � ¼¼ 0;

M 0½ � h½ � ¼¼ a nt 0½ � h½ �½ �nl0 0½ � h½ �; M 0½ � 0½ � ¼¼ 1g

eq1 1½ � ¼ fl1 1½ � h½ � ¼¼ nl0 1½ � h½ � � a nt½ ½0 h½ �� �nl0 0½ � h½ �;
l1 1½ � 0½ � ¼¼ nl1 0½ � 1½ � � 1;

M 1½ �; h½ � ¼¼ a nt 1½ � h½ �½ �nl0 1½ � h½ �;
M 1½ � 0½ � ¼¼ nM 0½ � 1½ �g

eq1 i½ � :¼ fl1 i½ � h½ � ¼¼ nl0 i½ � h½ � � a nt½ ½i � 1 h½ �� �nl0 i � 1½ � h½ �;
l1 i½ � 0½ � ¼¼ nl0 i � 1½ � 1½ �;
M i½ � h½ � ¼¼ a nt i½ � h½ �½ �nl0 i½ � h½ �;
M i½ � 0½ � ¼¼ nM i � 1½ � 1½ �g=; i > 1

Do½sol ¼ NDSolve eq½ ½i ; fl1� �i ;M� �i g; h; 0; 1f g� � 1½ �½ �;
nl1 i½ � ¼ l1 i½ �=:sol;

nM i½ � ¼ M i½ �=:sol; i; 0; nhf g�

moment1[h_] :¼ n l 1[IntegerPart[h]][FractionalPart[h]]
totalsolid[h_] :¼ nM[IntegerPart[h]][FractionalPart[h]] M0

g[z_, h_] :¼ a [time[h � z]] moment0[h � z]/; h[¼ z
g[z_, h_] :¼ 0 /; h\ z
f[x_, t_] :¼ M0/Abs[xeq � x0] g[z[x], h oft[t]]
where ‘‘hoft’’ is obtained from a bracketing routine.
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